Introduction
Plates of various geometries, i.e. circular, annular, rectangular, polygonal, etc, and of orthotropic material are extensively used in engineering applications. These plates are widely used in modern aerospace technology, naval structural engineering, aircraft structures, and so on. A lot of literature exists for the free vibrations of rectangular plates. In most of these papers the classical theory for isotropic, homogeneous, thin plates with uniform thickness is used and the differential equation to describe the vibrations of the plate is given by D(u xxxx + 2u xxyy + u yyyy ) + ρ ∂ 2 u ∂t 2 = 0,
where D = Eh 3 /12(1 − ν 2 ) is the flexural rigidity, E is Young's modulus, ν is Poisson's ratio with 0 < ν < 1, ρ is the mass density per unit area of the plate surface, h is the thickness of the plate, t is time, and u(x, y, t) is the displacement of the plate in the z-direction. The majority of literature deals with classical boundary conditions representing clamped, simply supported, or free edges, and only a small number deals with edges which are restrained against translation or/and rotation, or with other nonclassical boundary conditions. It has been observed for rectangular plates by Leissa in [1] - [3] that there exist 21 distinct cases which involve all possible combinations of classical boundary conditions. For six cases having two opposite sides simply-support it is well-known that exact solutions exist which are in fact the extensions of Voight's work. In [2] Leissa gives a survey of research on rectangular plate problems up to 1970. For a further overview up to beginning of this century the reader is referred to [4] - [9] .
One of the most commonly used methods in free vibration analysis of plates is the Rayleigh-Ritz energy technique, where appropriate functions associated with various boundary conditions are chosen to describe the lateral deflection of the deformed plates. The chosen functions almost always do not satisfy the governing differential equation. Also, the functions may or may not satisfy all of the boundary conditions. Thus, the results obtained by the Rayleigh-Ritz method are approximate. Gorman in [4] and [5] succeeded in solving approximately free vibration problems of plates for various geometries and boundary conditions. Compared to the Rayleigh-Ritz method, the superposition technique in [4] and [5] allows one to obtain an analytical form of the solution which satisfies the governing differential equation and the boundary conditions. Sakata and Hosokawa [6] studied the forced and free vibration of clamped orthotropic plates by using a double trigonometric series. During the last forty years the free vibrations of rectangular plates were studied intensively (see for instance [4] - [9] , and the references in those papers). In this paper the free vibrations of a rectangular plate with two opposite edges simply supported, and linear springs densely attached to the two other edges will be studied. This boundary support will lead to boundary conditions which seem to be not studied in the existing literature.
Flexible structures, like tall buildings and suspension bridges are subjected to oscillations due to windforces or other various causes. Simple models which describe these oscillations are given in the form of weakly nonlinear second-and fourth-order partial differential equations, as can be seen in [10] - [16] . Usually asymptotic methods can be used to construct approximations for the solutions of these wave or beam equations. In [16] a survey of the literature on oscillations in suspension bridges is given. A simple way to model the behaviour of a suspension bridge is to describe it as a vibrating one-dimensional beam with simply supported ends. In [16] the other two dimensions are not taken into account because the dimensions of the bridge in these directions are assumed to be small compared to the length of the bridge.When the width of the bridge is taken into account a plate equation like (1) is obtained. To study for instance wind-induced oscillations of suspension bridges one can of course use plate equations to describe the displacements of the deck of the bridge. However, to investigate these weakly nonlinear wind-induced vibrations we first have to know the related linear vibrations of the rectangular plate with the boundary conditions as described before and as indicated in Figure 1 . For that reason we will study in this paper these linear vibrations. Using the results as obtained in this paper one can start to investigate the weakly nonlinear vibrations of a plate in a windfield as model for the wind-induced oscillations of a suspension bridge. 2 The mathematical analysis of the problem.
In this section the following initial-boundary value problem for the displacement function u(x, y, t) will be considered
where
, and where p 2 represents the linear restoring force of the springs (see also Figure 1 ). The initial displacement and the initial velocity of the plate in z-direction are given by u 0 (x, y) and u 1 (x, y) respectively. The method of separation of variables will be used to find nontrivial solutions of the boundary value problem (2), (4)- (7), that is, nontrivial solutions in the form
will be constructed for the boundary value problem (2), (4)- (7). By substituting (8) into (2) and by dividing the so-obtained equation by T (t)v(x, y), it is follows that
From this equation the following two ODEs are obtained
where α ∈ C is a separation parameter. From the boundary conditions (4)- (7) it follows that v has to satisfy
v yy + νv xx = 0 for y = 0, and
First it will be shown that the nontrivial solutions of the boundary value problem (10)- (14) , that is, the eigenfunctions of (10)- (14) are mutually orthogonal on 0 < x < l and 0 < y < d. Let v 1 (x, y) and v 2 (x, y) be two different eigenfunctions belonging to the different eigenvalues α 1 and α 2 respectively. Thus
where both functions v 1 and v 2 satisfy the boundary conditions (11)- (14) . It wil be shown that
Let the differential operator A be given by
and consider
By using (15) it follows that
On the other hand by integrating by parts two times it follows that
Using the boundary conditions (14) it follows that the integral
Integrating the integral two times by parts, and by using the boundary conditions (11)- (14) it follows that
After substituting the last expression and the boundary conditions (12) , and (13) into (20), it finally follows that
From (19) and (21) it follows that (16) is true, and therefore v 1 and v 2 are orthogonal for α 1 = α 2 . Now it will be shown that the eigenvalue α is real. Let v(x, y) be an eigenfunction belonging to the eigenvalue α, so Av = αv. Consider Av = αv. Then, replacing in (19) and (21) the functions v 1 and v 2 by v andv respectively, and using the fact that Av = αv and Av =ᾱv in (19) and (21) it similarly follows that
Since v andv are eigenfunctions it follows that d 0 l 0 vvdxdy > 0, and so it follows from (22) that α −ᾱ = 0. It also can be shown elementarily that α > 0 by considering
and secondly it follows (by integrating by parts, and by using the boundary conditions (11)- (14)) that
From (23) and (24) it can readily be deduced that α > 0. To investigate the boundary-value problem (10)- (14) for v(x, y) further the method of separation of variables will be used again, that is, it is assumed that a nontrivial solution of the boundary-value problem (10)- (14) can be found in the form
By substituting (25) into (10) it follows that .... ∂x . Generally it is assumed that the variables in (26) can not be separated because of the mixed term 2Ẍ X Y Y . However, using an adapted version of the method of separation of variables (see [17] , and [18] ), this equation can easily be separated by simply differentiating (26) with respect to x or y. For instance, if (26) is differentiated with respect to x it follows that d dx
and so,
where γ ∈ C is a separation parameter. From (27) it follows that Y = −γY = γ 2 Y , and then it can be deduced from (26) that X(x) and Y (y) have to satisfy ....
By substituting (25) into the boundary conditions (11)- (14) the usual boundary-value problem for X(x) and for Y (y) are obtained. It turns out, however, that these boundary value problems only admit the trivial solution. The elementary calculations to obtain this result will be omitted. So, differentiation with respect to x leads only to the trivial solution. However, if (26) is differentiated with respect to y it will turn out that nontrivial solutions can be found. When (26) is differentiated with respect to y it follows that
which can be easily separated, yieldingẌ
where β ∈ C is a separation parameter. From (30) it follows that .... X = −βẌ = β 2 X, and then it can be deduced from (26) and the boundary conditions (12)- (14) that Y (y) has to satisfy
subject to the boundary conditions
It follows from (11) that X(x) also has to satisfy
The non-trivial solutions of the differential equation (30) subject to the boundary conditions (35) are given by
with n ∈ Z + , and where γ n is an arbitary constant. The characteristic equation for the ODE (31) now becomes:
In this section it already has been shown that α > 0. So, only the following three cases have to be considered in (37) 
The case
The solutions of the characteristic equation (37) in this case will be
and the solution of the differential equation (31) can be written in the form
where C 1 , C 2 , C 3 , and C 4 are constants of integration. By substituting (38) into the four boundary conditions (32)-(34) a system of four equations for C 1 , C 2 , C 3 , and C 4 is obtained. To find nontrivial solutions for Y (y) the determinant of the corresponding coeffitient matrix should be set equal to zero, that is,˛˛˛˛˛˛˛a
where a = √ α + β n , r = √ α − β n , a 1 = a(a 2 − (2 − ν)β n ) and r 1 = r(r 2 + (2 − ν)β n ). From (39) the eigenvalues α can be calculated. The eigenvalues α depend on the parameters n,p 2 , ν, the length l, and the width d of the rectangular plate. When the parameterp 2 tends to zero, the boundary conditions correspond to the case for the plate with two opposite edges simply supported and the other two free. When the parameterp 2 tends to infinity the boundary conditions correspond to the case for a plate with all edges simply supported.
We calculate numerically form (39) some eigenvalues α for some values of the parameters. Some of the numerical approximations for α up to 50000 are given in Table 1 and Table 2 . In this case the solutions of the characteristic equation (37) will be
where G 1 , G 2 , G 3 , and G 4 are constants of integration. By substituting (38) into the four boundary conditions (32)-(34) a system of four equations for G 1 , G 2 , G 3 , and G 4 is obtained. To find nontrivial solutions for Y (y) the determinant of the corresponding coeffitient matrix should be set equal to zero, that is,˛˛˛˛˛˛˛a
The eigenvalues α can be calculated from (41). Some numerical approximations of α are given in Table 3 for some values of the parameters. Table 3 . In this case the characteristic equation (37) becomes
and its solutions are
The solution of the differential equation (31) is then given by
where S 1 , S 2 , S 3 , and S 4 are constants of integration. As in the previous two cases the following determinant is similary obtained when we look for nontrivial solutions of the boundary value problem for Y (Y ) (where Y (y) is given by (43)): Like in previous two cases using boundary conditions (32)-(34) the system of the four equations for the determination of eigenvalues is recieved. This system has nontrivial solution when the determinant of the coefficient matrix for the unknown quantaties S i = 0, i = 1, 2, 3, 4 is equal to zero. In this case such determinant has following form: where b 1 = √ 2β n . Solutions exist for some special values of the parameters. For example for l = 100, d = 0.1,p 2 = 1, ν = 0.6 solutions for α exist for first five modes. For l = 100, d = 1,p 2 = 1, ν = 0.6 solutions exist for the first three modes and these solutions for αnwill be exactly the same las for d = 0.1. This is due to the fact that α = β 2 n = nπ l 4 and that α depends only on n and l. The other parameters such as ν andp 2 will only determine the existnce of nontrivil solutions Y (y).
3 Conclusions and remarks.
In this paper the free vibrations of a rectangular plate with two opposite sides simply supported and the other two densely attached to linear springs have been studied. This combination of boundary conditions seems to be not considered in the literature before. This rectangular plate model is one of the simplest models to describe a suspension bridge. For the rectangular plate model the relationship between the plate parameters and the frequencies has been obtained by using an adapted version of the method of separation of variables (see [18] ). This result is important to investigate the wind-induced oscillations of a rectangular plate. The relationship between the plate parameters and the frequencies has been obtained analytically. For some values of the parameters numerical approximations of the frequencies are given.
